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Test of the Reptation Concept: Crystal Growth Rate as a
Function of Molecular Weight in Polyethylene Crystallized from
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ABSTRACT: The concept of reptation in high polymer melts is tested for the case of crystallization, where
a strong force resulting from the free energy difference between the subcooled liquid and the lamellar crystal
is envisaged as drawing a chain through a reptation tube onto the substrate. The presence of the strong force
sets this process apart from the case of free curvilinear diffusion. The test is made by determining the dependence
on molecular weight of the crystal growth rate at constant undercooling, G arone: According to the development
presented, which combines nucleation and reptation theory, Gr.omt varies as n W+l where the factor n™
with y = 1 derives directly from the steady-state reptation concept where the overall friction coefficient in
the tube is proportional to the number of monomer units n. The factor f(}) is of statistical mechanical origin
and accounts for the free energy of first attachment of a chain to the substrate. On the basis of published
growth rate data on 11 polyethylene fractions n, = 1590 to n, = 14 500, it was determined that y = 1.0 % 0.20
in the vicinity of the regime I — II transition. This renders plausible the simple steady-state reptation tube
model in this special application, where the molecule is reeled in quite rapidly allowing little time for lateral
excursions of the tube, but not so rapidly that only short sections of “slack” can crystallize. Estimates are
given for the reptation time. The paper contains results of interest concerning nucleation theory as it applies
to chain-folded systems. Besides modifying the theory to account for the free energy of first attachment,
the treatment is developed for regimes I and II along parallel lines first excluding the backward reaction,
i.e., stem removal, in the “c = 0” case and then in the case denoted “¢ = 1” including it. The differences between
the two are minimal, showing that neglect of the backward reactions is permissible under stated circumstances.
It is significant that the improved theory (with either ¢ = 0 or ¢ = 1), coupled with improved input data, leads
to a lower substrate completion rate g and a smaller substrate length (L =~ 210 A) than had been estimated

previously.

1. Introduction

In its simplest form, the reptation concept proposed by

de Gennes holds that under appropriate circumstances the
overall friction coefficient of a linear polymer chain in the
liquid state is proportional to its length.! Here we propose

to test this idea by considerations based on the dependence
on molecular weight of the rate of crystallization from the
melt at constant undercooling. ~

At a fixed undercooling, the mean force f, drawing the
polymer molecule onto the growth front is constant av-

0024-9297,/88/2221-3038301.50/0 © 1988 American Chemical Society
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Figure 1. Details of model: molecular morphology.

eraged over time and the nucleation terms in the growth
rate are also essentially constant. By straightforward
reasoning one can predict from the elementary reptation
model that at a constant undercooling the growth rate from
the melt G will contain a factor n~! where n is the number
of chain units.>® This comprises the most important factor
in the dependence of G on chain length. (The n™! factor
arises from the fact that the “reeling in” rate F is propor-
tional to f./ {n where { is the monomeric friction coefficient:
in the elementary model, the motion of the molecule is
strictly curvilinear and the molecule does not diffuse
sideways from the reptation tube.) An additional though
smaller contribution to the molecular weight dependence
is of statistical mechanical origin and arises from the free
energy change associated with the first attachment of a
chain to the crystal surface. As will be outlined subse-
quently, this leads to a factor n™ in the nucleation rate.
The quantity X is related to the angle of sweep ¢ of the
initial (nucleating) molecule whose one end is attached to
the surface (see Figure 1). Values of \ are restricted to
the range !/; to !/,, corresponding to ¢ = 270° and ¢ =
180°, respectively. It will be shown that at a fixed un-
dercooling AT, the growth rate as a function of the number
of chain segments n in the vicinity of the regime [ — II
transition is of the form

GrinaTeonsy = nHM! = n7s (1)

where y = 1 for the steady-state reptation model men-
tioned above and where one expects f(A) to be /5 to 1/,
for regime I crystallization and !/¢ to !/, for regime II
crystallization.

The quantity s in eq 1 is in principle experimentally
accessible. If the experimentally determined s values are
such that with reasonable values of A the value y = 1
obtained, it would follow that the n! law arising from
reptation was substantially correct in this application. We
shall show that the experimental s values derived from
published growth rate data* for 11 polyethylene fractions
M, = 23320 (n, = 1590) to M, = 203600 (n, = 14 500)
crystallized from the melt are such that y = 1.0 £ 0.2,
suggesting that the basic steady-state reptation concept
giving n"! behavior applies quantitatively in this particular
case. (An analysis based on M, allows a similar value of
¥, but the standard deviation is significantly higher.) If
because of the presence of solvent molecules a marked
degree of sidewise motion of the chain had occurred, y
would have been nearer 1/, (“sea snake” model of DiMarzio
et al).? If only crystallization of short sections of “slack”™®
had occurred, the dependence of the growth rate on mo-
lecular weight would have been smaller.

The analysis of the growth rates to obtain s for the
polyethylene fractions is carried out at fixed undercoolings
on either side of the regime I — II transition, which occurs

at AT = 16.46 % 0.39 °C. This allows one to be certain of
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the regime, and the equalities that hold at the I — II
transition permit such quantities as the substrate com-
pletion rate g and the substrate length L to be estimated
with some accuracy. (A meaningful estimate of g and L
can only be made if the regime I — II transition is ob-
served, and one is also more certain of the application of
eq 1 under these conditions). The required I — II tran-
sition in polyethylene occurs in the molecular weight range
mentioned above but becomes too diffuse at higher mo-
lecular weights.* Comments are given concerning situa-
tions where one must expect the model to fail. For ex-
ample, the advent at sufficiently high molecular weights
of a situation where most of the molecules are involved in
multiple nucleation events is discussed, as is the onset of
crystallization of “slack” at large undercoolings. The sim-
ple steady-state reptation concept has it that the entire
pendant chain resists the force of crystallization, and this
condition is not always attained.

We note now an important proviso concerning the ap-
plication of eq 1 to real systems. The simple reptation tube
model, which leads to the n! part of the behavior in eq
1, applies to a high molecular weight polymer melt. This
model plays a major role in explaining how a long molecule
can be readily extracted by the force of crystallization from
its high molecular weight interentangled neighbors in the
melt and thence crystallize in the chain-folded mode.235
In its steady-state manifestation, where the overall friction
coefficient is proportional to the chain length, the reptation
model is not applicable to crystallization from concentrated
or a dilute solution. In these latter cases considerable
lateral motion is possible, and in one calculation® this gives
an effective friction coefficient that varies as n"/2. This
has special significance in the case of crystallization from
the melt if the polymer fraction involved contains signif-
icant quantities of noncrystallizable low molecular weight
material that is rejected at the growth front thus forming
a low molecular weight liquid boundary layer. Owing
largely to the work of Keith and Padden, this phenomenon
is well-known™? and leads to a situation where the act of
crystallization actually occurs from a more or less con-
centrated solution rather than from a fully interentangled
melt. Specimens of this type, seemingly typifying “melt
crystallization”, cannot be expected to obey eq 1 with y
=~ 1. The proviso here is that in order to test for the
presence of the reptation-based n™! component in eq 1, the
noncrystallizable low molecular weight molecules in the
fraction must be removed prior to measuring the growth
rate in the melt. We explicitly emphasize that this was
done by prior precipitation from dilute xylene solution for
the 11 polyethylene fractions analyzed in this study. As
a result, we believe our test of the n! law to be a valid one.

The elementary reptation process envisioned here in-
volves two simplifying features. The first is that the chain
is essentially pinned at one end (crystal surface), and the
second is that a relatively strong force f, rather rapidly
draws the chain through the reptation tube onto the crystal
surface. This process is simpler than ordinary self-diffu-
sion which occurs over a long period of time and which in
recent treatments involves such effects as “tube renewal”
at the chain ends and lateral excursions of the reptation
tube.l®1® In our view, crystallization experiments meeting
the provisos set forth above may well approximate the
conditions where the simple steady-state reptation tube
concept approaches a considerable degree of physical re-
ality.

The low values of s implied by data on other polymers
given in the literature are noted and discussed. Estimates
are given of the time required for drawing a molecule of
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specified length onto the growth front using a value of the
monomeric friction coefficient derived from self-diffusion
and other data.

The combination of nucleation and reptation theory
given previously is modified and simplified. Expressions
for the growth rates in regimes I and II are derived on two
bases, one where the backward reaction (stem removal) is
supressed and the other where the backward reactions are
assumed to be fully active. It is shown that the results are
very similar; in particular, eq 1 is unaffected, which lends
generality to the test of steady-state reptation. The newer
and broader based theory, taken together with improved
input data (particularly concerning the monomeric friction
coefficient and activation energy associated with reptation),
leads to improved results for the substrate completion rate
g and the substrate length L for polyethylene. The smaller
g and L values obtained here alleviate certain difficulties
that had been encountered with earlier estimates.

II. Theory

Below we sketch out the development of expressions for
the growth rates of a lamellar chain-folded high polymer
in regimes I and II with special emphasis on obtaining the
dependence of the growth rate on molecular weight (or
more specifically the number of chain units n in a par-
ticular fraction) and on undercooling AT. The analysis
refers to crystallization from the pure subcooled liquid
state. Our strategy will be first to calculate the substrate
completion rate gy, from a proper combination of nu-
cleation theory (which defines the mean force of crystal-
lization) and the reptation approach. This will show the
role of the total friction coefficient {n of a chain of length
Iy = nl, in the crystallization process: here n is the number
of monomer units in the chain, /, the length of each mo-
nomer unit, and { the monomeric friction coefficient at the
temperature of interest. The molecule in the subcooled
liquid state that is reeled onto the substrate by the force
of crystallization f, is assumed to be pulled through a
reptation tube consisting of its interentangled neighbors.2%5
The resistance to the molecule being pulled onto the
substrate in the steady-state case is given by {n. This
establishes the reeling rate 7 as f,/{n, which is readily
converted to gyept, the substrate completion rate consistent
with the steady-state reptation concept. The quantity gyep:
will then be compared with g, the substrate completion
rate as given by a modern version of nucleation theory.
This establishes the proper molecular weight dependence
of g,.. and provides a method of estimating its absolute
value. The nucleation rate { is then calculated. This
includes a correction of statistical mechanical origin, which
accounts for the free energy change on first attachment.
The formulation of i and g allows expressions to be ob-
tained for the observed growth rate in regimes I and II as
a function of undercooling and molecular weight. For a
constant undercooling, the calculations lead to eq 1. By
application of eq 1 to experimental data, one can test the
validity of the steady-state reptation concept, which gives
the reptation component of the growth rate as varying as
1/n;ie., ¥y =1, for both regimes I and II. The key features
of the model are shown in Figures 1 and 2.

We begin by estimating the mean force of crystallization
fo The free energy of formation of a surface patch is given
by
A¢ = 2b00’l - aobol(AG) + AT In (lo/xo) -

(v — Dagboll(AG) - 20,] (2)
Here o = lateral surface free energy, o, = ¢/2ayb, = fold

surface free energy, a, the stem width, b, the layer thick-
ness, gyb, the cross-sectional area of the chain, g the work
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of chain folding, and » the number of stems added to the
surface patch. The quantity { is the lamellar thickness,
which is treated as a variable (see later). The quantity

AG = Ah(AT) /T, 3)

is the free energy of fusion. Here Ah,is the heat of fusion,
AT the undercooling T\, — T, T the isothermal crystalli-
zation temperature, and T, the melting point appropriate
to the molecular weight under consideration.

Equation 2 corresponds to the free energy of formation
commonly employed* in nucleation theory for polymers,
except that an additional term, AT In (/;/x,), has been
added to account for the entropy reduction associated with
the attachment of the first (v = 1) stem. (The first three
terms in eq 2 describe the net free energy of attachment
of the first full stem; 2by0! is the free energy associated with
constructing the lateral surfaces involved, aybol(AG) is the
corresponding free energy of fusion, and AT In (ly/x,) is
the free energy of attachment of the first chain.) The term
ART In (ly/x), employed by one of us on an earlier oc-
cassion? but ordinarily not considered, is introduced here
because it leads to a small but nevertheless important
contribution to the molecular weight dependence of the
crystallization rate at a fixed undercooling. In eq 2

A=x/2¢ 4)

where ¢ is the angle of sweep in radians of the first (v =
1) chain after it has achieved its first attachment (see
Figure 1). The quantity /y/x, is the effective statistical
chain length.

The additional term involving A is based on the calcu-
lation due to Lauritzen and DiMarzio!® for the partition
function of a polymer chain confined to a notch or corner
of containment angle ¢, the one end of the chain being
attached along the intersection of the two planes that
define the notch or corner. The partition function of the
chain prior to attachment is @; = Z™ where Z = partition
function of a chain unit and m is the effective number of
chain units; after attachment the partition function is @
= Z™/m*, leading to a free energy change on attachment
of AF = M\eT In m. We employ m = [;/x, where x, plays
the role of a statistical chain length unit. (As mentioned
above, one expects the angle of sweep for a polymer chain
to be between ¢ = 270° and ¢ = 180° as depicted in Figure
1, giving A values in the range /3 to !/,). The correction
involving ART In (ly/x,) is applied only to the attachment
of the first stem. Each “first” stem involves the attachment
of a “new” molecule, but such “new” attachments are much
less frequent during the substrate completion process. A
correction for the change in the free energy resulting from
the shortening of the pendant chain by an amount [,* that
accompanies the addition of each stem during the sub-
strate completion process has been omitted from eq 2; as
will be shown subsequently, this correction is negligible.

In order to calculate the substrate completion rate using
the reptation approach, it is required to know the force
pulling on a molecule resulting from the free energy dif-
ference between the subcooled liquid and the lamellar
crystal. From eq 2 one finds that the mean force associated
with drawing in the chain is related to the slope of the A¢
vs v plot (see heavy dots in Figure 2) according to the
calculation of DiMarzio et al.:®

_ 1 | d(Ag¢)

5= lg_* — |- _aObO(AG)(lg*) = —agbo{AG) X,
(5)

where we have used the relation!4
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=y =l =2y 6)
=(l)=1l*= AC (
which is the flux-determined lamellar thickness that is
readily derived from nucleation theory (see later). For the
simple version of nucleation theory employed in the main
text (denoted the “¢ = 0” case in which the backward
reactions are supressed) one gets

5 = kT /2byo 0

The quantity 6 must be greater than zero to allow the slope
to be negative, i.e., to allow substrate completion. Com-
monly the value of & is between roughly 5 and 10 A. (The
value of é for the “e = 1” case where the backward reactions
are assumed to be fully active is given in the Appendix.)

It is important to note that the factor agby(AG) in eq 5
is the force associated with a chain being drawn onto a very
large crystal where surface effects are negligible. We take
this to be representative of the force exerted on a chain
during the zippering down of a stem in the absence of the
effect of chain folds. No force is applied during formation
of the fold. When the reptation process is treated in a
somewhat more detailed manner below, we shall interpret
the factor 6/1* = x.” in eq 5 as the fraction of time that
the chain experiences the force ayby(AG).

The “reeling in” rate 7 will be proportional to the mean
force of crystallization divided by the overall friction
coefficient {n associated with the chain:%35

Frept = fc/fn (8)

It is through the factor {n that the concept of steady-state
reptation (as opposed to reptation of short sections of
“slack”®) enters nucleation theory.

Because the customary version of nucleation theory
explicitly displays the work of chain folding q as the factor
exp(~q/kT) in both 7 and g (see later), we follow an earlier
treatment to obtain a form of f, consistent with the model
that contains this factor. We define a factor x, that rep-
resents the fraction of the time that the full force ayby(AG)
is pulling on the chain during stem formation:?

Tollg* /1)
TO(lg*/lu) + To(lf/lu)e+q/kT
where 7 is the time associated with attaching a monomer
unit and /; is the length of a fold. This time average ap-

proach leads to an alternative expression for the mean
force

Xe = (lg*/lf)e_q/kT (9)

1 *

. = -agbo(AG)x, = —aobo(Ac:)(j—f)e-q/" (10)

We shall employ eq 10 henceforth, taking care to keep x,/
numerically equal to x,, i.e., .’ = ., in the region of ap-
plication, which will be in the vicinity of the regime [ —
IT transition.

The negative sign in eq 5 and 10 simply means that the
net force pulls the chain onto the crystal face in the un-
dercooled system. It is henceforth omitted.

Though our main purpose is to develop the molecular
weight (chain length) dependence of crystallization, we
digress to examine in numerical terms the consequences
of setting x.” = x.. Equation 10 and expressions derived
from it will be employed in analysis of data mainly at the
I — II regime transition, i.e., at AT, = 16.46 °C in
polyethylene fractions. Here [;* = 169 X 1078 cm from eq
6 with ¢, = 90 erg ecm™2, T, = 418.1 K (giving T = 401.7
K), Ah; = 2.8 X 10° erg cm™, and § = 5.66 X 1078 cm from
eq 7 with by = 4.15 X 108 cm and ¢ = 11.8 erg cm2. (The
melting point T, = 418.1 K corresponds to that of the
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Figure 2. Details of model: barrier system and its relation to
molecular morphology.

fraction n, = 14500, which is the specimen of highest
molecular weight that exhibits a clear-cut regime I — 11
transition*). The value of g is 4900 cal/mol of folds.* With
these input data one estimates that x, = 0.0336 and from
setting x./ = x,. that [; = 10.86 X 1078 cm, suggesting a fold
with ~8-9 ~CH,~ units. This is a reasonable value for the
length of a fold, justifying eq 10 in numerical terms.

Proceeding with the reptation approach, we find the
mean “reeling in” rate to be

aobo(AG)(lg*/lf)e_Q/kT

Son

frept = }_cc/g‘n = eQD*/RTOQ‘QD*/RT

(11)

where we have used
g‘: foe‘QD'/RTOQQD‘/RT (12)

to account for the temperature dependence of the friction
coefficient. Here T} is a reference temperature in the melt,
which for practical reasons we take to be 450 K for poly-
ethylene, and ¢, is the monomeric friction coefficient at
that temperature. The quantity @p* is the activation
energy of reptation in the melt, whose value for linear
polyethylene is taken to be known from the tracer diffusion
experiments of Fletcher and Klein'® (Qp* = 5736 cal mol™).

It is now possible to find the substrate completion rate
implied by the reptation-based model. From Figure 1 one
sees that g, = F(ao/l,*). Accordingly

A %o
Brept =T ‘l—; =
g

*
@ aObO(Ahf) e:};(QD /RTO) (H)e_%t/RTe_q/kT (13)
n olf

m

The foregoing is now compared to the substrate com-
pletion rate from the nucleation approach. For the sim-
plest “¢ = 0” case, which supresses the backward reaction

8nuc = aOA = aoﬁe-q/kT (14)

where the forward reaction in the substrate completion
process (see Figure 2) is given by the customary expres-
gion™

A = Bea/kT (15)

Here § is a retardation factor in events per second ex-
pressing the resistance to transport of segments to the
growth front and exp(-q/kT) represents the retardation
resulting from the necessity of forming a chain fold.
Combination of eq 13 and 14 gives

bo(AR */RT
1 [ @obof £) e;;:QD /RTy) ](%Z)e—Qd*/RT (16)

m
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This connects the two approaches. The quantity in braces
is a frequency factor on the order of 3 X 10! events/s for
polyethylene. The free energy change on attachment of
a stem in the substrate completion process is of the form
ARTHIn (ly/xo) — In [(lp — [;*)/x,]} where [, is the average
length of the pendant chain. This leads to A = [(l, -
1.*) /1618 exp(-q/kT). The factor [(l,—1,*)/],]* is always
very close to unity and may be safely neglected. We
therefore retain eq 14 and 15 as they stand in the rest of
the treatment.

The retardation factor 8 in this particular formulation
actually contains two physical entities. It expresses the
retardation resulting from reptation through n, {;, and
&p*, and also it expresses the effect of the free energy
driving force through the factor Ah{(AT)/ Ty,

It is convenient for further developments to simplify the
notation by defining 8 as

S10/5) CISE

_ ( R ) agbo(Ahy) exp(@p*/RTy)
T \RT Sole

We now estimate the numerical value of x. For the case
of the polyethylene fraction at the regime I — II transition
temperature T} = 401.7 K and with the cross-sectional
area of the chain ayb, set at 18.88 X 10716 cm, the heat of
fusion Ah; at 2.8 X 10° erg cm™®, [y = 10.86 X 1078 cm as
described above, and Qp* = 5736 cal mol™, one finds the
numerical value of « to be

K 3.5 X 100/, (18)

where ¢{; is the monomeric friction coefficient in erg s cm™
at the reference temperature Ty, = 450 K.

The monomeric friction coefficient for polyethylene in
the melt state is less certain than the other input data but
can still be bounded rather closely. At 450 K, Pearson’s
expression!” based on viscosity data gives {; = 2.2 X 107°
erg s cm 2. The method of DiMarzio et al,® as corrected
for the length of chain in the tube as mentioned by Flory
and Yoon!® based on the reptation treatment of Klein and
Ball® gives {; = 0.93 X 107 erg s cm™ at the same reference
temperature; a value of {; = 1.2 X 107 erg s cm™ at 450
K is estimated by applying the Rouse expression to the
viscosity of low molecular weight polyethylene melts below
the critical molecular weight.’3!® Here and elsewhere we
shall employ the value {yus0x) = 107° erg s em™2 This may
be taken to be correct to within a factor of about 2. From
eq 18, x in eq 17a is ~3.6 to the same accuracy. This
establishes the absolute value of the preexponential part
of the retardation factor 8.

Having found the approximate value of « in eq 17a, it
is of interest to estimate the actual value of g and  for the
case of polyethylene. From eq 14 and 17a one arrives at
the practical formula

« Y RT \[ AT
= - il —— |o-@v*/RT;~q/kT
g ao(n)( h )( T )e € (19)

At TI—’II = 128.5 °C = 401.7 K, ATI—-II = 16.46 OC, and Qg
= 4.55 X 1078 c¢cm one finds with « = 3.6 the substrate
completion rate

where

(17b)

_ 877 X 102
n

which gives 5.5 X 107 em s7! for n = 1590 (MW = 22 320)

g (cm s™) (20)
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and 6.0 X 10 cm s7! for n = 14500 (MW = 203600). The
corresponding “reeling in” rate from eq 13 is

F(cm s = g(l*/ag) = %{2— (21)

which gives 2.0 X 107 cm s7! for n = 1590 and 2.2 X 107
cm 87! for n = 14500. Both g and F are roughly an order
of magnitude lower than our earlier estimates.” Most of
the reduction results from the larger friction coefficient
employed in the current estimate (107 vs 3.56 X 1072, erg
s cm™?) and the lower Qp* (5736 vs 7000 cal mol™). The
molecular weight range mentioned above corresponds to
the extremes of n, that will subsequently be utilized to
determine s and thence y for polyethylene.

One important consequence of the lower estimates of
g and 7 is that the substrate length L to be discussed later
is decidedly smaller than we had estimated in previous
work. It will be shown that the new result of L ~ 210 A
is considerably more satisfactory.

As an aid in the understanding of the nature of the test
of reptation theory to be given here, we employ eq 21 to
estimate the mean time required to draw an entire mole-
cule of a given length onto the growth front. The relevant
expression, which accounts for the fact that the velocity
increases as the length of the molecule remaining in the
melt decreases and which also allows for the time for fold
formation, is?

l l
trept (S) = 1/2("___0) = 1/2("‘;_:) = 1.9 X 10°n? (22)

with [, = 1.27 X 107® ¢m and where eq 21 has been used
for 7. The above expression yields ¢, = 4.9 X 107 s for
n = 1590 and 0.41 s for n = 14 500. 'IPhe results apply at

AT = 16.46 °C for polyethylene, i.e, at the regime I — II
transition.

The above calculations assume that if a chain is inter-
rupted by another (i.e. “strange”) molecule entering the
“niche” the dangling chain of the original molecule finds
another “niche” in a time which is short compared to that
required to form a fold, the latter being 7o(l;/!,) exp(g/kT)
as expressed in eq 9. With x, = 0.0336 from eq 9, one finds
the time required to form a fold is close to 1/x. or ~30
times longer than that needed to put down a single stem
of length [,*. Thus it appears that the delay time asso-
ciated with fold formation provides considerable oppor-
tunity for a dangling chain to find a niche. Of course the
dangling chain of an “original” molecule that is interrupted
by a “strange” molecule will form an amorphous traverse
to its new niche, and this traverse will contribute to the
amorphous component of the polymer. This new niche
may be in the same lamella or sometimes on an adjacent
lamella so that the chain forms an interlamellar link (see
discussion in the vicinity of eq 41).

The short reptation times quoted above are entirely
compatible with the estimated force of crystallization and
the monomeric friction coefficient and establish that
steady-state reptation is rapid enough near the regime I
— II transition in polyethylene to allow substantial chain
folding at the undercooling cited. (At lower crystallization
temperatures in regime III only sections of “slack” can be
drawn onto the growth front, but at the higher temperature
regime I — II transition the crystallizing system experi-
ences essentially the full length of the dangling molecule
over the molecular weight range mentioned,? as our result
that y = 1 to be obtained subsequently will show). Eq 22
implies that the longer molecules in the distribution in a
given fraction will have the strongest influence on the
reptation time. It will emerge that the best fit of the
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growth rate data corresponds to n = n, where n, = M,/
14.08.

An important consequence of the relatively short rep-
tation times calculated with eq 22 is that in the limited
time available one expects relatively little lateral motion
of the tube itself. This differentiates the reptation process
in the case of crystallization from that occurring in “free”
curvilinear self-diffusion in a polymer melt where much
longer times are required for a molecule to move a distance
equal to its full contour length. In the case of melt crys-
tallization in the molecular weight range mentioned, one
does not expect major perturbations from such effects as
lateral excursions of the reptation tube.

Below we give a simplified yet adequate version of the
growth rates in regimes I and II, which is designed to
illuminate the origin of the dependence of these growth
rates on chain length. (The growth rates in regimes I and
II are observable quantities.) We consider crystallization
from the melt only and specifically exclude from consid-
eration any system containing significant amounts of
noncrystallizable low molecular weight material.

It is sufficient for our purpose to consider the forward
reactions only, i.e., the case referred to earlier as “e = 0”.
This approach is justified as a reasonable hypothesis by
the fact that recent careful simulations by Guttman and
DiMarzio?! have shown that regimes I, II, and III can be
reproduced by considering forward reactions only and by
the fact that physical arguments to be noted later are
sufficient to imply that the backward reactions (stem re-
moval) are relatively inactive in high polymeric systems
at moderate and large undercoolings. We deem it fully
reasonable to suppose that the backward reaction is almost
completely inactive in regime III and suppose further that
the backward reactions may well be muted near the regime
I — II transition. While the question of the degree of
activity of the backward reactions at moderate and large
undercoolings is one of fundamental physical interest, it
does not lead to difficulties in the present application.
Expressions for all quantities of interest, including the
temperature and chain length dependence of crystal
growth in regimes I and II, are given in the appendix for
the case “¢ = 1”7, where the backward reactions (stem re-
moval processes) are treated in the conventional way and
assumed to be fully active. There is no significant dif-
ference between the “e = 1” and “e = 0” cases in the present
application; in particular, eq 1 is found in each instance.

Congider now the nucleation rate. The barrier system
is depicted in Figure 2. In the “e = 0” case we set B; =
B = 0. For the rate of attachment of the first (v = 1) stem
in stems per second we therefore write

AO = 6e-—2boal/hTe-Mn(lo/xo) (23)
AO = B(xo/lo))\e—%oal/kT
AO = IB(xo/lu))\(l/n)\)e—2boal/kT

where 3 is given by eq 17. The quantity 2b,0! is the free
energy required to form the first full stem with a “niche”
that invites substrate completion without further cost in-
volving o, and ART In (ly/x,) is the free energy of first
attachment of the primary chain. The net nucleation rate
is given by

i (nuclei st em™) = S¢/L = Sp/npa,  (24a)

where the total flux St is!4

L™ nNa (24b)

Sp = —
T I, J20,/(86)

In the above L is the substrate length nya,, n, being the
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number of stems of width a, that comprise the substrate.
The lower bound of integration in (24b) corresponds to the
thinnest possible lamella, i.e., one that is just on the point
of melting.!* The number of reacting species is taken as
proportional to the substrate length according to??2

No = ConL (24C)

Here C, is a large number whose principal component
represents the configurational path degeneracy associated
with the nucleation process—the crystal surface has nu-
merous molecules with initial attachments, each with many
configurations which have the possibility of ultimately
leading to a first full stem. The value of Cy can be esti-
mated from experiment (see later). The above yields

i (nuclei cm™?g7l) =

Coﬂ(xo/lu)*(l/n»a/ao)( kT

2b00'lu

)e—4bow./ (AG)RT (25)

In regime I, which occurs at the highest observable growth
temperatures, one surface nucleus causes the addition of
a layer of thickness b, over a substrate length or
“persistence length” L = nja, and leads to a growth rate
equal to byiL.2% From eq 17a and (25) the growth rate
in regime I is

Gy (cm s7) 8 boiL = byina, =

Z
_% (AT)e */RTe K/ TAT) (263)
n
where
bokT \[ kT 1
Zipy = Coan(xo/lu))‘(—h—)( Sbyol T (26b)
_ 4byoa Ty,
K, = Tahk (26¢)

Values of Zy,) and K, can be obtained from experiment
from plots of In G + Qp*/RT - In AT vs 1/ T(AT).

Regime II, which occurs at lower temperatures than
regime I, involves multiple nucleation on the substrate of
length L. The multiple nucleation is caused by the in-
creased nucleation rate. The growth rate is equal to%%
bo(2ig)Y/2. From eq 17a, 19, and 25 the growth rate in
regime II is then

Gy (cm s B by(2ig)V/2 =

Zypy (AT)e- " /RTgKua/TAT) (27g)
nl*M2 € e a
where
bokT\[ kT \V? 1
Zngy = Co'/k(x0/ lu)A/Z(T)( bealy T e
(27b)
2b00’0’eTm
Kom = Rk (27¢)

Numerical values of Zy,, and Ky can be obtained from
experiment. The units of Zm% and Zyy, are cm s deg!
and of K,y and K,y are deg®.

The regime I — II transition, where Gy is equal to Gy
at AT}_.p, is readily apparent in plots of log G vs T, or AT
for polyethylene fractions in the molecular weight range
discussed here.#!* The regime I — II effect is particularly
conspicuous in plots of In G + Qp*/RT - In (AT) vs
1/T(AT), which exhibit two intersecting straight lines with
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a slope difference close to two as required by eq 26 and
274 The regime I — II effect is known not only in
polyethylene crystallized from the melt* but in poly-
ethylene single crystals formed from dilute solution? as
well. It is also known in other melt-crystallized polymers,
including poly(L-lactic acid),?” poly(cis-isoprene),?® and
poly(1,3-dioxolane).?® The type of treatment given here
features a finite substrate length L and a substrate com-
pletion process following upon primary nucleation that is
facilitated by the presence of a continuously regenerated
full “niche” of mean length /* that eliminates the need
for forming a new lateral s-type surface on stem addition.
It is the only one extant that predicts both the existence
and detailed behavior of the regime I — II transition.
Calculations where nucleation is assumed to involve only
deposition of partial stems do not appear to yield a regime
[ — II transition.

We mention in passing that the nucleation and growth
model employed here, as typified in Figure 1 and 2, leads
in a natural way to a regime II — III transition® at a
temperature below the regime [ — II transition where the
niche separation between two nuclei approaches the di-
mensions of the stem width @y in regime III, Gy « i. The
regime II — III transition has been observed in poly-
ethylene,® poly(oxymethylene),?! poly(pivalolactone),?
it-polypropylene,® poly(3-hydroxybutyrate),?* poly(p-
phenylene sulfide),? and poly(cis-isoprene).? This pro-
vides additional verification of the general model.

Equations 26 and 27 provide the desired opportunity to
examine the molecular weight dependence of the growth
rate and thence the validity of the steady-state reptation
concept which predicts 8 « n™!. Specifically, at a constant
undercooling AT (which for moderate to high molecular
weights implies a nearly constant growth temperature 7)
the theory states that

GriaTeonsty < WY = p7&1 (28)
GII(ATconst) & n—(1+)\/2) = n~°0 (29)

Noting that s; and sy can be determined directly from the
growth rate curves, one readily sees that v in

B« nv (30)

can be determined as follows:
regime I y=s-A (31)
regime II: y = sy - A/2 (32)

If the steady-state reptation model is correct in this ap-
plication, one should find y = 1.

A small correction resulting from the infrequent at-
tachments of “new” molecules in the substrate completion
process has been neglected in eq 29 and 32. This causes
the term involving A in these expressions for regime II to
be slightly greater than A/2, but this effect can safely be
neglected in the present application, where the scatter of
the data is considerably larger than the correction itself.

It is pertinent to discuss the expected range of validity
of the treatment. We would apply the treatment in its
present form only above the entanglement limit, where it
is reasonable to propose a reptation tube. Further, we
would only apply it in the case where there was no serious
degree of multiple nucleation of a given molecule on dif-
ferent lamellae or excessive multiple nucleation on the
same lamella, which would mute the n! dependence on
molecular weight. Thus we would not attempt application
in regime III where multiple nucleation is pervasive® and
only reptation of “slack” occurs,? nor would we expect the
treatment to apply above a certain high molecular weight.
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It will emerge that the latter departure occurs in poly-
ethylene fractions somewhat above M, = 203600; i.e., n,
= 14500. Finally, we repeat here the necessity of consid-
ering only specimens where the low molecular component
has been removed, so that one deals with a relatively fixed
reptation tube which gives 8 « n’l; if low molecular weight
“solvent” molecules are present, crystallization takes place
at a boundary that corresponds to a concentrated solution
where iI}Zthe limiting case DiMarzio et al.® have shown that
8 x nl/2,

Before proceeding to analyze the molecular weight de-
pendence of the growth rate data for the polyethylene
fractions to estimate y, a number of issues are worthy of
comment. The first of these is that the experimentally
determined preexponential factors Zy,, and Zy, in eq 26b
and 27b, respectively, can be used to estimate n; and
thence the substrate length L = nya,. By eliminating C,
from eq 26b and 27b one finds that

bokT\[ 1 \| Zun
=2 = =2 Jeerr 33
™ ( R )(Tm) Zu? 33

at the regime I — II transition. The quantity Zyy,/Zyp)>
for polyethylene is ~3.53 em™ s deg (see later). With «
= 3.6 estimated earlier it is found that ny = 45.6 stems at
Ti.n = 401.7 K, leading to a value of L = n g, ~ 210 A
within a factor of about 2. This is considerably smaller
than earlier estimates, which ranged from ~1100 A2 to 0.77
um,?? and even ~5 um? in a first attempt. The new es-
timate is certainly more accurate, being based on better
values of Qp* and §; as well as a more refined if simpler
theory.

The new smaller value of L ~ 210 A is significant. It
removes an objection due to Point et al.* who noted that
if L was actually as large as some of the earlier estimates,
nonlineal growth should be readily observed. They failed
to observe such an effect in polyethylene crystals formed
in dilute solution and criticized nucleation theory on this
account. With the small L derived here, one does not
expect readily to observe accelerated (nonlineal) growth.
(Growth would be nonlineal in time and of an accelerating
character if the substrate length was equivalent to the edge
of perimeter of a growing crystal.) The substrate length
inferred here is definitely far smaller than the edge of all
but the very smallest polymer crystals and is consistent
with the aforementioned failure to observe nonlineal and
accelerated growth. We note further that Point et al.
criticized our previous estimates of g as being far too large
and in a somewhat involved argument placed an upper
limit on g of roughly 107 cm s, Our new estimates of g
based on eq 20 straddle this limit, so this objection now
appears to be resolved as well. These developments place
the kinetic theory of chain-folded growth in an improved
position.

We observe in passing that the value of C; in eq 26b and
27D, as calculated with numerical values of Zy,, and Zy,
for polyethylene to be quoted subsequently, turns out to
be ~2.5 %X 107. This shows the presence of the expected
large configurational path degeneracy implied by the
presence of many polymer chains attached with one or a
few segments to the substrate (each with numerous con-
figurations resulting from the chain character of the
molecules), any one of which could potentially lead to an
aligned stem, i.e., a nucleus at » = 1. A smaller C is to
be expected for polymers with stiff chains or chains with
hard segments interspersed by flexible bonds.

Another issue involves the fact that we have in the main
text deliberately omitted the effect of the backward (stem
removal) process in nucleation and substrate completion
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(the so-called “e = 0” case). This not only simplified the
exposition but also embodied what we deem to be a rea-
sonable physical approximation for moderate to large
undercoolings. We were fortified in this view by the work
of Guttman and DiMarzio,2! who showed that the entire
range of regime I, II, and III behavior could be modeled
in detail in the complete absence of the backward reac-
tions. To this we can add a physical argument. One may
think of the process of stem removal at moderate and large
undercoolings as akin to the desorption of a polymer
molecule from a surface, the latter process being known
to be slow.?” The slowness of the desorption process is a
result of the fact that all the chain segments must si-
multaneously depart the surface, which can be viewed as
a statistically improbable event if the time alloted is short.
It does not seem reasonable to require a fully active
backward reaction in regime III, where the crystallization
process takes place predominantly by acts of surface nu-
cleation, and which on a per stem basis occurs on a very
short time scale. On the other hand, backward reactions,
as for ¢ = 1, are in fact required at and very near the
melting point where the time scale is very long and where
in any case the principle of detailed balance must apply.
We have, however, employed the “¢ = 0” approach only
at moderate to large undercoolings (AT 2 ~13 °C) in the
case of polyethylene. Stated another way, we do not
consider detailed balance (microscopic reversibility) as
necessarily fully operative at such large undercoolings.

The problem of whether one should apply expressions
based on “e = 0” or “¢ = 1” is relatively unimportant in the
present instance where our main interest is in the molec-
ular weight dependence of the growth rate in regimes I and
I, for if the backward reactions are included, the key
relations (28) through (32) are unchanged. The theory for
Gy, Gy, «, L, and other quantities for the case “c = 1”, which
assumes fully active backward reactions, is outlined in the
Appendix. The results for the case ¢ = 0 and ¢ = 1 are
remarkably similar.

Lastly we mention that the flux-determined value of /,*
given earlier as eq 6 and 7 is derived from

1 p- 1 p=
=l =g J. eSO A / I 5 SO G

where S(I) = Np4, for the “e = 0” case with A, being given
by eq 23. The general formula for S(I), which is applied
in the Appendix to the “e = 17 situation is% S(I) = Ny4,
(A - B)/(A - B + B,), where the meaning of the variables
Ay, A, B, and B, is shown in Figure 2.

IT1. Analysis of Growth Rate Experiments To
Determine s and Estimate yin 8 « n™

We shall refer here to the extensive growth rate data on
polyethylene fractions given in ref 4. All 11 fractions were
first precipitated as single crystals from dilute xylene so-
lution and then filtered while hot to remove low molecular
weight material. The fractions were then carefully dried
at 50 °C under vacuum, melted between cover slips, and
spherulite and axialite growth rates measured under iso-
thermal conditions. The reduced number of heterogene-
ities resulting from the filtration step allowed large and
distinct spherulites or axialites to form, which in turn
permitted accurate growth rates to be determined by op-
tical microscopy. At the highest growth temperatures in
regime I, the crystallization appeared in the form of ax-
ialites in the molecular weight range of interest here; at
the lower temperatures in regime II, coarse-grained, non-
banded spherulites were formed.* Growth rates refer to
the 110 facet.
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Figure 3. Plot of logarithm of growth rate as a function of
undercooling AT (schematic). The experimental growth rates for
various n, at a constant AT (vertical dashed lines) are utilized
in Figure 4 to construct plots of log G apeonst VS log n, for regimes
I and II

In general accord with eq 26 and 27 the 11 polyethylene
fractions n, = 1590 to n, = 14 500 give growth rate curves
of the type shown schematically in Figure 3. The regime
I — II transition was readily apparent in all of them. The
temperature Ty where the growth rates in regimes I and
II were equal for each fraction was known directly from
experiment. The undercooling at the I — II regime tran-
sition, ATy, was determined for each fraction as T, -
Tr.- The value of T, for each fraction was determined
by using the Flory-Vrij expression®® in the form

Ty =

. n - 2.093
" Ln+0565245+RInn-05n(l - Tn/T0]
(35)

with T’ = 418.7 K (145.5 °C) on the basis of n = M,/
14.03. We found the mean value of the undercooling at

the I — II regime transition to be ATy = 16.46 % 0.39
°C. The relatively constant AT} with molecular weight
is consistent with eq 26 and 27 provided that ny, is con-
stant, as is to be expected. Values of T, and AT} for
each fraction are given in Table I.

The growth rate data in the original source work?* were
expressed in the form of equations where T',,° was taken
to be 419.7 K (146.5 °C) and which employed a different
form of an effective Qp*. Using these original expressions
for Gyexpyy and Gryeespt), the growth rate data were regen-
erated at temperatures corresponding to undercoolings of
AT = 14.96 °C for regime I and AT = 17.96 °C for regime
I, which corresponds to undercoolings exactly 1.5 °C above

and below the regime I — II transition at AT = 16.46 °C.
The melting points T, employed in calculating the actual
temperatures of crystallization are given in Table I. This
procedure accurately reproduces the experimentally
measured growth rates at the actual temperatures involved.
The growth rates for each fraction at the undercoolings
indicated above are listed in Table I and will be used below
to estimate y.

The regenerated growth rate data were reanalyzed in the
form of eq 26a and 27a assuming K,q, = 2K,q, on the basis
T.0=418.7K = 145.5 °C and Qp* = 5736 cal mol™ and
with eq 35 to account for the reduction in T, caused by
finite molecular weight. The results are expressed in eq
39 and 40 to follow. The value of K q) = 1.91 X 10° deg?
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Table I
Molecular Weight, Melting Points, and Crystallization
Properties of the Polyethylene Fractions

Gi(ecms?) Gp(ems™)
Tm AT[_.H at AT = at AT =
M, M, n, (°Cr  (°0) 14.96 17.96

18100 28000 2000 14243 17.23 192 x 107 1.58 X 10
19800 22320 1590 14268 16.48 1.40 X 107 6.73 X 10
24600 27720 1980 143.19 1879 1.77 X 107 9.96 x 10°®
30000 35420 2520 14358 18.18 292 X 107 599 x 10°¢
30000° 35420 2520 143.58 16.18 2.22 X 1077 3.68 x 107
30600 38360 2740 143.61 1641 1.23x 107 874 x 10°®
37600 43820 3120 143.94 1664 249 x 107 3.33 x 10°®
42600 53480 3810 144.11 1611 1.43 X 107 4.45x 107
62800 98560 7030 144.54 16.14 3.87 x 10 1.43 x 10°
68 600° 144.62 16.62

74400 85960 6130 14468 1588 4.03 X 107 9.48 x 1077¢
115000 203600 14500 144.97 16.87 1.27 X 107 7.37 X 1077

AT = 16.46 £ 0.39

¢ Calculated from Flory-Vrij expression, eq 35. ® Two portions of this
sample were run independently beginning with separate crystallization
and filtration steps. °M, not available for this fraction. ¢Because of
excessive departure from eq 40, this growth rate was omitted when
calculating the standard deviation of 41% for regime II quoted in the
text.

and K;qp = 0.955 X 10° deg? were employed. Through eq
26¢ and 27c¢ this gives

oo, = 1063 erg?/cm* (36)
which with ¢, = 90 erg cm™ yields
o =118 erg cm™2 (37)

This justifies the value of ¢ employed in previous calcu-
lations.

The nature of the determination of s from eq 28 and 29
is shown schematically in Figure 3. Selecting a fixed AT,
say 14.96 °C in regime I, which is exactly 1.5 °C above

AT\ = 16.46 °C, one then plots log Gy vs log n, for the
11 specimens. Values of Gy at AT = 14.96 °C are listed
in Table I. The slope, ~d log G/d log n,, is s; and is listed
in Table II. The process was repeated by using AT =
17.96 °C (1.5 °C below the I — II transition) for regime
II and the resulting sy; given in Table II. The plots of log
G vs log n, are shown in Figure 4. From these plots and
Table II we deduce with the help of eq 31 and 32 that y
inB«nvVis

y=10%02 (38)

which clearly supports the simple steady-state reptation
model. This result is not changed significantly if differ-
ences of 1 or 2 °C above and below AT = 16.46 °C
rather than 1.5 °C are used in the treatment.

The rather large standard deviations of s in both regimes
I and II can be traced in large part to the variation from
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one fraction to another of AT} ,;;. The seemingly small
variation of £0.39 °C about the mean of 16.46 °C evident
in Table I is enough to explain most of the deviation in
s. The uncertainty in y is a combination of the standard
deviation in s and the uncertainty in A. We consider it
highly probable that the true value of the exponent y is
within the bounds +0.2 of unity. Despite the extensive
data base, it was not possible to distinguish the predicted
Gp = n™¥/3 law for regime I from the Gy; « n”7/6 law pre-
dicted for regime II.

An analysis using n,, = M,,/14.03 instead of n, to con-
struct plots of log G vs log n,, analogous to those in Figure
4 led to somewhat larger s values and a substantially larger
standard deviation for regime 1. The latter provides an
argument from an experimental point of view for a func-
tion closer to n, than n,, being the controlling parameter
in the steady-state reptation process. (There is no reason
to consider the corresponding number average plots). It
is evident from this and other considerations mentioned
earlier that the reptation rate is governed more by the
longer molecules in the system, as is represented to a
sufficient approximation in the plots of log G vs log n,.

A way of summarizing the kinetic results is to combine
what is known from both theory and experiment in the
growth rate expressions (eq 26a and 27a) for regime I and
II in numerical form as

2.841 x 1013

(AT) o~5736/RT o-191x105/ T(AT)
nz4/3

G; (cm s!) = (
(39

2.836 X 108

(AT)e5736/RTg-0.955X10°/ T(AT)
n,1/8

Gy (em s™) = (
(40)

where AT = T, ~ T is to be calculated for each fraction
by using the T, from eq 35. Here 2.841 X 10'3 is recog-
nized as ZI()\) and 2.836 X 108 as Zn()\), both in the units cm
st deg™™. The quantity Zy,,/Znp? is 3.53; deg s cm™, which
value was earlier useful in estimating n;, and thence the
substrate length L with eq 33.

Equations 39 and 40 provide a good fit to the experi-
mental growth rate data. They reproduce the data for G;
and Gy given in Table I at AT = 14.96 °C for regime I and
AT = 17.96 °C for regime II within 40% and 41%, re-
spectively. (These figures represent standard deviations.)
The fit with eq 39 and 40 is noticeably better than can be
obtained if each preexponential is taken to vary as n!
rather than as n™#% and n~"/6. We note however that if the
preexponential factors for Gy and Gy; are both allowed to
vary as n”! as in a previous exposition,? the fit is still far
better than if the preexponentials are assumed to be in-
variant with n.

Table II
Experimental Values of s and Estimates of y from Polyethylene Fractions Crystallized from the Melt

exptl values of s in

estimates® of y in 8 « n™

regime G sTeonst = 14 A =1/5(¢ = 270°) A = 0.408 (¢ = 220.5°)¢ A =1/, (p = 180°)
regime I s = 1.32 £ 0.20 0.99 + 0.20° 0.91 £ 0.20° 0.82 + 0.20°
AT = 14.96 °C (cc = 0.894)
regime II sp = 1.35 £ 0.20 1.18 £ 0.20° 1.15 £ 0.20° 1.10 % 0.20°
AT = 17.96 °C {cc = 0.902)

(y) = 1.08; £ 0.18 {y) = 1.03 £ 0.19 (y) = 0.96 % 0.20

%The value y = 1.0 & 0.2 covers all the entries in the table, including those pertinent to the upper and lower bonds of A. This is employed
in the text as the reported value. (The grand average of all values listed is (y) = 1.025 % 0.155). The errors correspond to standard
deviations, and “cc” is the correlation coefficient. In the case of the estimates of (y) for each choice of A above, the standard deviations
include the difference in s that occurs between regime I and regime II. ®y calculated from eq 31. °y calculated from eq 32. ¢Eleven
fractions n, = 1590 to n, = 14500. °log mean of X = !/ and !/,.
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Figure 4. Plots of log G srconst V8 log n, for the 11 polyethylene
fractions n, = 1590 to n, = 14500 employed to determine sy and
s;- The results imply that y is 1.0 # 0.20 (see Table II), which
supports the steady-state reptation model.

Because the power of n is different for Gy and Gy in eq
39 and 40, the undercooling where the regime I — II
transition occurs, i.e., where G; = Gy, is predicted to shift

slightly with changing n,. The calculated value of AT}
depends sensitively on the ratio Zyy)/Zp). The ATp
predicted from eq 39 and 40 by setting G; = Gy is 16.06
°C for n = 1590 and 16.39 °C for n = 14500. The average
undercooling predicted with eq 39 and 40 at the regime

I — II transition is thus ATy_y = 16.22 % 0.17 °C, which

is to be compared to the experimental value AT = 16.46
#+ 0.39 °C exhibited in Table I. It may be concluded that
eq 39 and 40 provide an accurate and meaningful repre-
sentation of the growth rate data inasmuch as they re-
produce the absolute growth rates in both regimes I and
IT as a function of molecular weight and temperature
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within experimental error and at the same time yield the
correct mean undercooling at the regime I — II transition.
The analysis is further supported by the fact that the ratio
Zyy/ Zpy? leads with eq 33 or eq A-15 to a sensible value
of L that is consistent with the failure to observe nonlineal
growth in very small crystals even with a sophisticated
measurement technique.3¢

IV. Discussion and Conclusions

Consider first the implications of the present study
concerning reptation as a transport process in the melt of
a high molecular weight polymer. It is clearly evident from
our result y = 1 that the chain being drawn onto the crystal
by the force of crystallization exerts a resistance to this
force that is essentially proportional to its length. Further,
the overall time is remarkably short which is caused by
the combination of a normal friction coefficient of ~10~°
erg s cm™ and a strong “reeling in” force. (A simple cal-

culation with either eq 9 or 10 shows that at AT = 16.46
°C the mean force f, is ~7 X 107 dynes; this force is
drawing on a chain of cross-sectional area agb, = 18.88 X
10718 cm? and corresponds to a pressure equivalent to 3.7
atm urging the chain from the tube onto the growth front.)
Under these circumstances, the concept of steady-state
curvilinear motion in a reptation tube appears highly
plausible. There is little time available for lateral motion
of the tube or major excursions from it. The chain end
is drawn toward the crystal and the tube simply disap-
pears. Neither is the mean force f, in the vicinity of the
regime I — II transition so great that the molecule cannot
respond over its entire remaining length in the available
time as the result y = 1 conclusively shows. Elsewhere we
have shown with an earlier version? of the present type of
treatment that at large undercoolings, where £, is large and
the nucleation rate i extremely high as at the onset of
regime I1I, only relatively short sections of chain involving
“glack” in the tube can be transported to the growth front.
This was anticipated by Klein and Ball.? As treated by
Klein and Ball, pure reptation of slack does not depend
on molecular weight; i.e., one has y ~ 0.

The present result y =~ 1 implying the validity of the
steady-state reptation model in polyethylene in regimes
I and II would almost certainly not apply if “solvent”
molecules consisting of uncrystallizable rejected species
of low molecular weight were present, which would greatly
facilitate lateral motion of the tube. In such a case one
would expect as a rough approximation that Gj; would be
proportional to n"®5*%/2 or ~n7%3; je., s;; =~ 2/;. From
the careful study by Vasanthakumari and Pennings?’ on
four fractions of poly(L-lactic acid) we estimate that s =~
0.53 in regime II. There is no evidence that the low mo-
lecular weight components were removed in this case. We
have also estimated values of s from other studies in the
literature as follows: poly(3,3-diethyloxetane),?® s =~ 0.5;
poly(hexamethylene sulfide),** s ~ 0.7; and i-poly(1-but-
ene),’’ s ~ 0.6. Again, there is no evidence that the low
molecular weight components were removed.

The results obtained here have significance related to
the application of nucleation theory to crystallization with
chain folding. Of foremost importance is that part of the
theory dealing with the reptation process which, taking
place under the influence of a relatively strong force, allows
molecules readily to be drawn from the interentangled melt
onto the growth front with sufficient rapidity to allow
considerable regular folding. It is evident that this is true
in regimes I and II in polyethylene in the molecular weight
range treated here, notwithstanding arguments to the
contrary.!® Even in regime III, the slack is sufficient to
allow small chain-folded clusters with two or three stems
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to form.28 The chain-folded clusters will of course vary
in size. This leads to the so-called “variable cluster”
model®42 of chain folding in crystallization from the melt.
In any event, the gambler’s ruin limit requires clusters of
at least this size in order to avoid a density paradox at the
lamellar surface.***5 Larger clusters can form in regimes
I and II, where steady-state reptation can occur.

The present demonstration that y = 1 does not imply
that each long molecule is drawn onto the growth front in
a perfect chain-folded sequence. A given molecule is drawn
for a time onto the growth front at a rate dependent on
its remaining length, thus forming a chain-folded cluster.
Then an interuption by “strange” molecule may take place.
The pendant chain of the original molecule will shortly find
a niche and resume the substrate completion process, the
remainder of the chain being drawn as before through a
reptation tube. The interruptions lead to some nonadja-
cent reentry and the concomitant amorphous component.

We note that the treatment given here will become in-
applicable when the molecules are so long that most of
them nucleate on two or more different lamellae or at
distant points on the same lamella. Such molecules are
thereby prevented from “complete” crystallization and
cannot exhibit y = 1, i.e., steady-state reptation behavior.
This clearly does not happen in polyethylene to a degree
sufficient to prevent a determination of y up to molecular
weights of ca. n, = 14500 (M, >~ 200000). At this and lower
molecular weights some interlamellar links are undoub-
tedly present—the gambler’s ruin calculation®* indicates
that perhaps one in ten to twenty of the surface sites where
chains emerge are involved in such links. The same cal-
culation suggests that an even larger fraction of the surface
sites involve chains that reenter the same lamella at a
distant point. Some of these chains (“loose loops”) are
intertwined with those of the adjacent lamella, forming
another kind of interlamellar “link”.#¢ All this allows a
certain amount of the toughness of polyethylene in this
molecular weight range to be attributed to interlamellar
links. Nevertheless a significant fraction of the chains—
probably in the vicinity of two-thirds—participate in the
steady-state reptation process. Thus in the range near and
below M, =~ 200000 we were able readily to detect the
effect of steady-state reptation and determine its behavior.
The expected failure to have enough molecules unencum-
bered by multiple nucleation to engage in simple steady-
state reptation began somewhat above M, = 200000, where
the diffuseness of the regime I — II transition prevented
an analysis. This coincides rather closely with the point
where the ultimate degree of crystallinity begins to drop
markedly with a further increase in molecular weight.47*8
This drop is a clear sign that most of the molecules were
now so long that they repeatedly engaged in multiple nu-
cleation either within the same lamella or between one or
more lamellae, thus accounting for the increased fraction
of amorphous phase. Then much of the crystallization,
though in the chain-foided “variable cluster” model®42
mode, occurs by reptation of slack rather than steady-state
reptation.

The above-mentioned decrease in degree of crystallinity
with increasing molecular weight can be rationalized in
terms of the root-mean-square radius of gyration r, as it
relates to the lamellar thickness [;*. As noted earlier, {,*
for polyethylene is ca. 169 A at the regime I — II transition.
From the well-known formula

re = (SZ>1/2 = (Cn/s)l/z(nlu2)1/2 (41)
one finds (with C,, = 6.7) that r, = 53.5 A for n = 1590 and

r, = 162 A for n = 14500. Thus, it would appear that when
the radius of gyration becomes somewhat larger than the
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lamellar thickness, excursions of once pinned molecules
to different nearby lamellae forming irresolvable amorp-
hous ties between them can become more frequent and
thereby markedly reduce the degree of crystallinity. Of
course there are some such excursions even when the ra-
dius of gyration is less than [;*. The above calculation is
approximate because the effective r, is affected by the
presence of the crystal. Nevertheless, we expect that the
overall concept is tenable. A corollary of the above is that
the upper bound of the thickness of the amorphous zone
between the chain-folded lamellae, /,, should correspond
approximately to r,. That degree of crystallinity mea-
surements on polyethylene fractions indicate that I, cor-
responds rather closely to r, will be dealt with in another
publication.

The revised treatments of regime I and regime II pres-
ented here lead to eq 26 and 27, and the corresponding
data analysis leads to eq 39 and 40. These are quite similar
in form to those in common use, except that the molecular
weight and AT dependence of the preexponential factors
are more detailed; the makeup of both K, and K, and
the role of @p* is identical with that of previous treat-
ments. Some expressions in common use are of the form!
G = G, exp(-¢p*/RT) exp[~-K,/T(AT)] and G = (C/n)
exp(-@p*/RT) exp[-K,/T(AT)]. For a given set of input
data, plots of In G + @p*/RT - In (AT) vs 1/T(AT) and
In G + @p*/RT vs 1/T(AT) lead to virtually identical K,
values, but the most meaningful preexponential factors
(Z1y and Zyy,)) are obtained from the first type of plot
mentioned. For applications that include data at low
crystallization temperatures, exp(-@p*/R7T) must be re-
placed by a function of the form** exp[-U*/R(T - T..)].
Perhaps this is to be interpreted as meaning that all
motion in the new shrunken reptation tube, including that
of slack, is forbidden below T',.

From the standpoint of making an estimate of the
substrate (“persistence”) length L from the experimental
values of the preexponential factors, i.e., from Zj,, and
Zngy the present treatment is distinctly superior to earlier
ones. The new value of L ~ 210 A, which we take to be
correct within a factor of about 2 and which is relevant to
the 110 face, is such that one cannot expect to observe
growth that is nonlineal in time: it would be extremely
difficult to measure the growth rate of crystals of this size.
As noted earlier, this removes an objection to nucleation
theory that had been raised by Point et al.*® The above
result for L holds irrespective of whether or not the
backward reaction (stem removal) is considered. Consid-
ering its small size and general nature, we doubt that L
corresponds to any obvious physical feature on the crystal
edge as examined, say, by electron microscopy, nor to the
full edge of any crystal of normal dimensions. In fact, the
lower bound of L, which we judge to be ca. 100 A, is even
small enough to allow a slight amount of macroscopic
curvature on the 110 face of a crystal exhibiting regime
I behavior.

Though the existence of the substrate length L is assured
by the well-documented appearance in the various poly-
mers mentioned previously of the regime I — II transition,
its precise physical origin is still the subject of speculation.
Clearly some agency in effect breaks up the growth front
into apparently independent sections of mean length L.
It would appear that L represents the mean distance
{(“persistence length”) between “stopping” defects of some
type that occur on the substrate, in which situation the
puzzle becomes that of elucidating the nature of the defect.
We note in this connection that X-ray linewidth mea-
surements on polymer crystals, including polyethylene,51:52
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commonly suggest a loss of stem correlation over distances
of roughly 100-500 A, the lower figure being in the range
we have estimated for L by the kinetic method. The
precise physical origin of this stem correlation length is
not known though one could suppose it might well have
to do with strain resulting from repulsion of chain folds.
One cannot disregard the possibility that L and the X-ray
stem correlation length have a common origin. Frank?
originally suggested that L might correspond to the
boundaries of imperfect lattice coherence.

The treatment in the body of the paper with ¢ = 0 (no
backward reaction, B and B; = 0) and with ¢ = 1 (full
backward reaction with B and B, as represented in the
Appendix) gives equations for G and Gy identical in form
to eq 26 and 27 or eq 39 and 40. In particular, the de-
pendence of these growth rates on molecular weight and
undercooling is exactly the same for e = 1 and ¢ = 0. Thus
the analysis leading to the conclusion y = 1 is broadly valid.
Furthermore, with identical input data for ¢, o, o, etc,
the substrate completion rate g and the substrate length
L are the same irrespective of whether e = 0 or e = 1. Only
the absolute nucleation rate ; and the parameter § are
different, but only by a factor of 2, which is trivial.

It is of interest to indicate further our reasons for de-
tailing the ¢ = 0 case and employing it in parallel with the
¢ = 1 case to show the similarity. The ¢ = 0 case is
somewhat simpler and, in our view, more nearly correct
in terms of the physics involved at the relatively large
undercoolings considered here. We do not expect signif-
icant stem removal at such undercoolings; detailed balance,
corresponding to ¢ = 1, must indeed occur just at the
melting point but need not apply at moderate and large
undercoolings. (Recall again that regimes I, II, and IIT have
been modeled in some detail by considering the forward
reactions only.?!) Another reason for including the ¢ = 0
case is that, like the ¢ = 1 case, it is amenable to the
introduction of lattice strain effects that reduce the sub-
strate completion rate to the point where a crystal edge
is curved. Decidedly curved edges occur under special
experimental conditions on the lateral 200-type face of
polyethylene crystals, though the corresponding 110 face
in the same crystal is straight or nearly s0.2% These
curved edges have in one instance® been thought to rep-
resent a seemingly irreducible contradiction to nucleation
theory. By solving exactly the relevant differential
equations, which involve moving boundary conditions,
Mansfield® has shown that a curved growth front will arise
if the substrate completion rate g thereon becomes com-
parable to the rate of advance h of the edge of the crystal
perpendicular to the direction of growth under consider-
ation. The curved edge is a section of an ellipse. Only a
small amount of lattice strain is required to reduce the
value of g in the affected sector to the point that marked
curvature is predicted. In a general framework, curved
edges can be predicted even in the absence of lattice strain,
but the introduction of a small degree of lattice strain
accentuates the effect and can even reverse the behavior
with temperature. Thus it would appear that nucleation
theory, as emended if necessary to accommodate lattice
strain in special situations, is capable of dealing in a direct
way with the problem of curved edges. Details will be
presented elsewhere.5

We close with the observation that the form of nuclea-
tion theory espoused here, whose early origins are to be
found in conceptions dealing only with atoms or small
nonchain molecules, has been adapted in important ways
to account for the chain character of polymer molecules.
The concept of the chain fold, meaningless in the case of

Crystal Growth Rate as a Function of Molecular Weight 3049

small atoms or molecules, has of course been included in
nucleation theory for lamellar polymers from the outset.”’
The advent of “quantized” chain folding in shorter chain
systems, wherein once, twice, and three times folding, etc.,
occurs with increasing undercooling has been quantita-
tively explained in terms of nucleation theory by appro-
priately modifying the mean fold surface free energy to
account for the chain ends.®® In the present work we have
for a high polymer accounted for the free energy change
associated with the first attachment of a chain and shown
its effect on the molecular weight dependence of the
growth rate. Also we have here and elsewhere? introduced
the concept of the configurational path degeneracy, arising
in part from the chain character of the numerous molecules
attached to the substrate prior to the time that one
eventually forms an aligned stem. This concept leads to
an understanding of the large numerical value of Cy and
thence the large numerical values of the preexponential
factors Zy) and Zyy, that are observed experimentally.
While not yet fully detailed, the present work nevertheless
provides insights, based on the chain character of the
molecules, concerning the origin and thickness of the
amorphous zone. In addition, one knows that the gam-
bler’s ruin laws, derived from the properties of chains
emerging from a plane surface, place an absolute lower
bound on the degree of adjacent or very near adjacent
reentry in lamellar systems.*** Though the subject will
be dealt with in more detail elsewhere, we mention that
the problem of the failure of long molecules to nucleate
in the apparently favorable site at the apex of a large
V-shaped notch, where ¢ is significantly less than 180°,
has been addressed.”® One part of this argument is based
on calculations showing that a normal density of chain
segments can build up at the notch site for short molecules
but only a much lower density for a very long molecules.
Here again one sees the effect of chain character on
polymer nucleation. Perhaps most important of all from
a broad perspective, reptation theory, with its clearly ev-
ident dependence on chain character, has herein been
brought into the nucleation theory for polymer crystalli-
zation with chain folding in such a way as to facilitate a
test of an important aspect of the reptation concept itself.
Thus, we have shown that under definitely specifiable
conditions, the simple steady-state reptation model is
tenable for a high molecular weight polymer melt.5

Appendix. Formulas for Case “c = 1” Where
Backward Reaction Is Fully Active

Begin with the rate constants for the forward and
backward reactions of stem addition

A() = 1B(xo/lo)>\e—2bga'l/kT (A-l)
B1 = lﬁe—aobol(AG)/kT (A-2)
A =18 9/*T (A-3)

B = 18e™0ob8G)/kT = B, (A-4)

as noted in Figure 2. In this situation Ay/B, and A/B
recover the equilibrium distribution consistent with eq 2,
so that detailed balance holds. Then one has

Goue = Qo(A — B) = aplBe/*T[1 — g 0bob(4G)/AT] (A-5)
Enue = 45'8[a0(AG) /6] 9/ kT

where we have used 8 = kT/byo from the last term in!4%

4 + AG
L= (l) = I* = 20,/ AG + kT [( 7/ ] (A-6)

2boo | 20/ag) + AG
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Setting eq A-5 equal to gy Of the text (eq 13), one gets

byo exp(Qp*/RTy)
Sole

18=1(1/n) e @' /BT (A-T)

Redefining the retardation parameter as
1 kT
5= XMW ZL ), -qor/RT .
8 (n )( Y )e {A-8)

1K - (i)bod’ eXp(QD*/RTo)
kT Sols

which is 0.330 for the input data given in the text (p* =
5736 cal mol ™, Ty = 450 K, by = 4.15 X 108 ¢m, ¢ = 11.8
erg cm™2, T = 401.7 K, {, = 10° erg s cm™, [; = 10.86 X
1078 cm). Upper left-hand superscripts on 3, «, and Z
denote the value of e.

The nucleation rate is

. 1 1 " NyAg(A - B)
1= ST/nLao - (nLao)(.l_u)J;d/(m) A-B+ B d!

one gets

(A-9)

(A-10)
i~ Colﬁ(xo/lu))\(l/n)\)(l/ao)( 2:051 ) X
ao(Ahg) VAT —4byooy/ AGKT
20’ Tme

This leads to the growth rate in regime I for the case ¢ =
1 (identical in form with eq 26a)

"Zin
nl+)\

GI = boinLao = ATQ—QD‘/RTQ' am/T(AT) (A-ll)

where K, is the same as given in eq 26¢ but with

bk T\ % \M 1 Y[ kT
1ZI‘*’=C"1“”L( B )(7) (T_ Sboaly )

ao(Ahy)
20

=Zyn/2 (A-12)

which is to be compared with eq 26b. For regime II

1ZII()\)

-Qp*/RT ~K,ay/ T(AT)
n1+)\/2ATe el

GH = b0(21g)1/2 = (A-13)

which is identical in form with eq 27a, and where K, is

identical with eq 27c. However, the preexponential dgxffers
from the “c = 0” case according to

bokT \[ a¢(Ahy)
IZu(x) = C01/2 1K(x0/l“)x/2(_°_h_)( olang, ) %

[

ET 1/2 1
(2boal ) (T—)e_‘”m = Zun/V? (A14
u m

From (A-12) and (A-14) one gets

1z
ne = 2 bk T 1 ao(Ahy) ) pa/MT
h Tn o 1Znn?
(A-15)

For a given value of {; and [, the factor x[ao(Ahy) /] is
numerically identical with the « of eq 17b, so for a specified
set of input data the substrate length L is unchanged by
the assumption that the backward reactions (A-2) and
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(A-4) are fully active. The absolute value of g is also
unchanged. The main effect of the inclusion of the
backward reactions is to slow down the nucleation rate i
by a factor of 2 and to increase § by the same factor. The
overall conclusion is then that there are no differences in
the temperature and molecular weight dependences of Gy,
Gy, the substrate completion rate g, or the substrate length
L, in the “e = 0” and “e = 1” cases. The role of reptation
in the melt is physically identical for ¢ = 1 and ¢ = 0.
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(60) Note Added in Proof. It has recently been pointed out to us
by Professors J. Skolnick and R. Yaris of Washington Univ-
ersity, St. Louis, that the presence of a certain amount of the
constraint release mechanism would cause a tendency for 8 to
vary more nearly as 1/n, rather than 1/n,. (The constraint
release mechanism accounts for the fact that the chains form-
ing the reptation tube of a particular molecule in a pure
polymeric liquid are themselves reptating.) As noted, our data
analysis suggests that the fit with 1/n, as depicted in Figure
4 is somewhat better than that with 1/n,. Thus it would
appear that while the simple steady-state reptation model with
y =2 1 certainly holds with respect to its main features in the
present application, there is a hint in the results that some
constraint release may occur despite the rapidity with which
the chains are drawn onto the crystal.
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ABSTRACT: Equation-of-state polymer solution theories provide a rational means of describing polymer
solution vapor/liquid equilibrium and liquid/liquid equilibrium for multicomponent systems. These theories
require a relatively small number of parameters to describe solution behavior but are quite complex and
cumbersome for manipulation and calculation. This work presents an efficient mathematical framework for
manipulating these equations for the purpose of deriving solution thermodynamic properties such as species
activities or chemical potentials. Writing the equations in matrix form and obtaining an expression for the
excess free energy provide a route to species activities which is relatively clean and compact. The resulting
multicomponent equation for species activities for the Flory equation of state theory, the simplified Flory
theory, and the Sanchez and Lacombe lattice fluid theory can all be obtained in a similar way and have similar
forms. The compact form allows easy comparison of different theories and also provides a convenient form

for coding computer calculations of solution behavior.

Introduction

The theories of Flory! and of Huggins,? based upon an
incompressible lattice structure, provide the basic frame-
work for more recent equation of state theories. This
Flory-Huggins theory allows for combinatorial effects and
energetic interactions between molecules and has been
used widely to calculate the thermodynamic properties of
polymer solutions. It succeeds in providing a rough rep-
resentation of solvent activities in nonpolar polymer so-
lutions with one adjustable parameter per binary pair in-
teraction. It has also been fairly successful at approxi-
mating liquid-liquid phase equilibria and predicting upper
critical solution temperature (UCST) of binary, nonpolar
polymer solutions.?

Equation-of-state theories such as those by Flory* and
by Sanchez and Lacombe® have extended the foundation
for these types of equations by beginning with a partition
function which can be used to rigorously derive equations
of state and other thermodynamic relations such as species
activities. The Flory theory is based upon earlier work by
Prigogine,®” and the Sanchez-Lacombe theory is based

* Author to whom correspondence may be sent.
tPresent address: Texaco Research, P.O. Box 1608, Port Arthur,
TX 77641.

upon a fluid lattice, that is, one which allows for holes or
unoccupied cells of the lattice in addition to cells occupied
by molecular segments. The theories are successful in
predicting both UCST and LCST behavior. Furthermore,
they are not restricted to single-polymer systems, and, in
principle, may be applied to nonpolymeric liquid solutions
and multiple-polymer solutions as well. In this latter
context, they have been used to aid in understanding
polymer compatibility in polymer blends. Additionally,
the Sanchez-Lacombe equation of state is capable of de-
scribing fluids in both the liquid and vapor states.

While these theories have the advantage, in multicom-
ponent systems, of requiring a small number of adjustable
parameters, they do suffer from the difficulty of being
quite complex and unwieldy. For multicomponent systems
the number of terms in the equations becomes very large,
and organizing and manipulating the terms to obtain ex-
pressions for the various thermodynamic relations and
computing the quantities by using these relations are quite
difficult and complex.

The objective of this paper is to present a matrix ap-
proach to deriving and manipulating the multicomponent
solution theory equations. This approach is both sim-
plified in method and compact in form. In addition, this
paper provides a convenient and unified review, summary,
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